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The Minkowski vacuum |0〉M , which for an inertial observer is devoid of particles, is treated as a thermal
bath by Rindler observers living in a single Rindler wedge [1] as a result of the discrepancy in the definition
of positive frequency between the two classes of observers and a strong entanglement between degrees of free-
dom in the left and right Rindler wedges. We revisit, in the context of a free scalar Klein-Gordon field, the
problem of quantification of the correlations between an inertial observer Alice and left/right Rindler observes
Rob/AntiRob, previously studied in [2, 3]. We emphasize the analysis of informational quantities like the locally
accessible and locally inaccessible information [4–6] and a closely associated entanglement measure, the entan-
glement of formation. We conclude that, with respect to the correlation structure probed by inertial observers
alone, the introduction of a Rindler observer gives rise to a correlation redistribution which can be quantified by
the entanglement of formation.
I. INTRODUCTION
The Unruh effect is one of the most important results in
Quantum Field Theory in Curved Spacetimes, showing very
clearly that the idea of particle is not really a fundamental con-
cept, being observer-dependent [1] – the Minkowski vacuum
|0〉M which, by definition, is devoid of particles for an inertial
observer, is experienced as a thermal bath by one uniformly
accelerated observer. The reason for that is twofold: first, such
uniformly accelerated has a definition of energy, and hence
of positive-frequency, inequivalent to that of the inertial ob-
server. Second, such observer experiences a causal horizon
which implies an information loss that renders the pure state
|0〉M a mixed thermal state.
The setting to study the Unruh effect is to consider a D-
dimensional Minkowski spacetime with coordinates (t, x, yi)
and to consider observers which uniformly accelerate either
towards the positive x direction or towards the negative x di-
rection. The ones accelerating towards x > 0 are restricted
to the so-called right Rindler wedge, UI, defined by x > |t|
whereas the ones accelerating towards x < 0 are restricted to
the so-called left Rindler wedge, UII, defined by x < −|t|.
Both classes of observers are called Rindler observers and
some of their worldlines are shown in Fig. (1), where it is
clear that the right and left Rindler wedges are causally dis-
connected from each other [7].
The origin of the Unruh effect lies in a strong entanglement
between degrees of freedom in UI and UII. In fact, it can be
shown [8] that the Minkowski vacuum can be written in a ba-
sis appropriate to the Rindler observers as
|0〉M =
∏
ω
1
coshαω
∞∑
nω=0
tanhnω αω|nω〉I |nω〉II , (1)
where one has introduced the so-called squeezing parameter
αω for each frequency by the relation
tanhαω = e
−piω/a, (2)
being a the acceleration parameter of the Rindler observers.
In that case, the Rindler observer is restricted to the right
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FIG. 1. Worldlines of Rindler observers on the right and left wedges
shown in grey (solid) lines. The Rindler horizons separating the
wedges are shown as the red (dashed) lines.
Rindler wedge, and thus is causally forbidden to have knowl-
edge about the degrees of freedom in the left Rindler wedge.
Due to the strong entanglement between both regions, this
lack of knowledge manifests as a high degree of mixedness
for the state locally probed. The different settings where this
phenomenon manifest makes it interesting for investigation
from a quantum information perspective. Indeed, there are
already some relevant discussions on this subject in the litera-
ture, such as Refs. [2] and [3], where the Logarithmic Nega-
tivity was employed to qualitatively describe the entanglement
in the system [2] and the Quantum Discord was numerically
calculated to quantify the presence of an arbitrary quantum
correlation [3]. Nonetheless, it would be particularly inter-
esting that the entanglement monotones employed to have an
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2informational meaning behind its definition and to allow ex-
tension to further understand open problems related to the de-
scription of the physics and description of strongly accelerated
bodies.
In this paper we compute both the classical and quantum
correlation distribution as locally probed by Alice, who is in
an inertial reference frame, and by Rob in the right Rindler
wedge, or when probed by Alice and AntiRob, in the left
Rindler wedge, and interpret these results in terms of locally
accessible and locally inaccessible information [5, 6]. This
contrasts with [3] which analyzed just quantum discord for
the Alice and Rob bipartition, aiming at answering the ques-
tion whether or not there are quantum correlations in the near-
horizon limit. We further combine the results to the methods
of [4–6] which enables the computation of the entanglement of
formation for the subsystem probed by Rob and AntiRob. The
ideas of [4–6] allow for an interpretation of this entanglement
of formation in terms of correlation redistribution. For each
measure we have analyzed (mutual information, classical cor-
relations, quantum discord and entanglement of formation) we
review its definition and significance and give the plots against
acceleration together with the way we interpret it. The paper
is organized as follows. In Sec. II we introduce the problem
appropriately and review the previous treatments. In Sec. III
we develop the basic canonical quantization rules in a curved
spacetime. In Sec. IV we review the relevant modes for the
analysis we wish to develop, mainly the Minkowski, Unruh
and Rindler Modes. In Sec. V we review the transformation
of the states we wish to study to the Rindler basis. In Sec.
VI we present and discuss the mutual information, a result
already known from [2]. In Sec. VII we discuss locally acces-
sible and locally inaccessible informations and plot all such
correlation measures together to show the correlation redistri-
bution. In Sec. VIII we present the entanglement of formation
and its role as a quantifier of correlation redistribution. Finally
in Sec. IX we give the final remarks and conclusions.
II. OBSERVERS AND REFERENCE FRAMES
Two inertial observers, Alice and Bob, observe two Unruh
modes ui and uj of a massless Klein-Gordon field. Alice is
supposed to carry a detector sensitive only to the frequency
ωi of mode ui whereas Bob is supposed to carry a detector
sensitive only to frequency ωj of mode uj . The state of the
system is supposed to be a maximally entangled state
|ψ〉 = 1√
2
(
|0i〉M |0j〉M + |1i〉M |1j〉M
)
. (3)
It is fundamental to understand here that this is a bipartition
with respect to modes. The fact that Alice’s detector can only
detect frequency ωi and not ωj implies that she has no access
to the subsystem that Bob has access and vice-versa. In par-
ticular, any information Alice is able to gather about the mode
uj is through correlations.
One now introduces a Rindler observer, living on the right
Rindler wedge UI , Rob, which also carries a detector sensitive
only to frequency ωj . It is fundamental here that one is work-
ing with Unruh modes. In that case, a mode which for the in-
ertial observer has some frequency ω, has the same frequency
ω for the Rindler observer [2]. In that setting, inasmuch as
Bob, Rob only observes mode uj . But since we have the two
disconnected Rindler wedges, UI and UII , isolated from each
other by causal horizons, the transformation from the inertial
basis to the Rindler basis introduces one additional biparti-
tion between the two regions, c.f. Eq. (1). While Rob can
only access the part of the state of mode uj associated to UI
a symmetric Rindler observer on the left Rindler wedge UII
can observe the complementary part. The introduction of said
observer has been done in Ref. [2], where he is conventionally
called AntiRob. Hence the setup is that of a tripartite quantum
state observed by three observers: Alice, Rob and AntiRob,
the first being inertial, and the other two being uniformly ac-
celerated, living respectively on regions I and II . Alice car-
ries a detector sensitive only to mode ui whereas Rob and An-
tiRob carry detectors sensitive only to mode uj . In that sense,
the state, which when probed by Alice and Bob was naturally
bipartite - a bipartition between modes ui and uj , now when
probed by Alice, Rob and AntiRob is naturally tripartite - a
bipartition between modes ui and uj with a second bipartition
between regions UI and UII affecting the modes uj subsys-
tem. That is the setup of Ref. [2, 3] which we consider.
In [2], the author considered the evaluation of the mutual
information of the three possible bipartite subsystems and the
negativity as a measure of entanglement. The negativity of the
bipartitions between Alice-Rob and Alice-AntiRob was seem
to decrease to zero in the infinite acceleration limit, which
corresponds to the near-horizon limit. The authors concluded
that an entanglement degradation existed due to the horizon
and supposed that there remain no quantum correlations on
the near-horizon limit, since the negativity vanishes in said sit-
uation. Moreover the authors found that the negativity for the
bipartition between Rob-AntiRob, i.e., between the observers
separated by the causal horizon, increased in the near-horizon
limit. They noticed, however, that this entanglement is not
useful as a resource because these two observers are forbid-
den classical communication. In [3], the author evaluated the
quantum discord of the state probed by Alice and Rob. The
main conclusion was a comparison to the negativity and the
observation that even though the negativity vanishes on the
near-horizon limit, the quantum discord does not, signaling
that there are still quantum correlations in that limit, which
are not captured by the negativity.
III. BASIC CANONICAL QUANTIZATION IN CURVED
SPACETIMES
We shall review the most basic approach to the canonical
quantization of a Klein-Gordon field in a globally hyperbolic
spacetime. We just give the basic definitions and results, refer-
ring the reader to [9, 10] for a complete account of the subject.
Let (M, g) be a globally hyperbolic spacetime and φ be
a real, minimally coupled Klein-Gordon field on said back-
ground [11]. The dynamics of φ can be encoded in the La-
3grangian density
L = 1
2
(∇µφ∇µφ−m2φ2)√|g|. (4)
The equation of motion deriving from this Lagrangian is the
well-known Klein-Gordon equation
(−m2)φ = 0. (5)
Given a Cauchy surface Σ ⊂ M , with normal vector field
nµ and induced metric h, we can describe this system in the
canonical formalism [10]. In particular, the φ(x), for x ∈ Σ,
act as the coordinates, and the conjugate momenta are pi(x),
given by [10]:
pi(x) = (nµ(x)∇µφ(x))
√
h. (6)
Canonical quantization therefore amount to finding a Hilbert
space on which operators φ(x), pi(x) act satsifying the equal-
time canonical commutation relations
[φ(x), pi(y)] = iδ(x, y), x, y ∈ Σ. (7)
A manner of doing so is to expand the field into modes. In
particular, recall that we can define, on the space of solutions
to the Klein-Gordon equation, the bilinear form
(φ, ψ) = i
∫
Σ
(φ∗∇µψ − ψ∇µφ∗)nµdΣ, (8)
which satisfies all axioms of an inner product except that it is
not positive-definite. One then introduces a set of the so-called
mode functions {ui, u∗i } such that
(ui, uj) = δij , (ui, u
∗
j ) = 0, (u
∗
i , u
∗
j ) = −δij , (9)
and such that any real solution φ to Eq. (5) can be uniquely
expanded as
φ =
∑
i
aiui + a
∗
i u
∗
i . (10)
Turning φ(x) to operators would then amount to turning ai
to operators. One may further argue [9] that the canonical
commutation relations (7) are equivalent to the commutation
relations
[ai, a
†
j ] = δij , [ai, aj ] = [a
†
i , a
†
j ]. (11)
This justifies a Fock space picture on which we have a vacuum
state |0〉 defined by
ai|0〉 = 0. (12)
Being more explicit, the one-particle space is taken as the
Hilbert space completion of the space of solutions spanned
by just the {ui}, without the complex conjugates, with inner
product being the restriction of the Klein-Gordon form (, ) to
that subspace. The Hilbert space of the theory is the bosonic
Fock space construct based on said one-particle Hilbert space
[10, 11]. The interpretation of the construction lies in the ob-
servation that if the ui are positive-frequency with respect to
a family of observers following the integral lines of a timelike
future-directed normalized vector field Z, meaning that there
are ωi ∈ [0,+∞) satisfying
LZui = −iωiui, ωi > 0, (13)
then the states |1i〉 = a†i |0〉 are states containing just one par-
ticle with energy ωi.
In general there is not a preferred choice of mode functions
{ui, u∗i } as there is no privileged notion of time in an arbitrary
spacetime. It is important therefore to relate the constructions
obtained by two distinct choices of mode functions {ui, u∗i }
and {u¯i, u¯∗i }. This may be accomplished by expanding one
set in terms of the other set:
u¯i =
∑
j
αijuj + βiju
∗
j , (14)
in terms of the Bogolyubov coefficients αij , βij [9]. These
coefficients, which can be straightforwardly computed using
Eq. (9) to be
αij = (uj , u¯i), βij = −(u∗j , u¯i), (15)
allow to establish a relation between the annihilation and cre-
ation operators ai, a
†
i of the first quantization and a¯i, a¯
†
i of the
second quantization. The relation, which, in this approach, is
the central aspect of the comparisson of the two quantizations,
is given by
a¯i =
∑
j
αijai − βija†i , a¯†i =
∑
j
α∗ija
†
i − β∗ijai. (16)
It immediately follows from Eq. (16) that if |0〉 is the vacuum
of the first quantization then, in general, a¯i|0〉 6= 0, so that it
does not coincide with the vacuum |0¯〉 of the second quantiza-
tion. The two vacua coincide if and only if βij = 0, which in
turn happens when each u¯i is a combination of only positive
frequency modes of the first quantization. This is the straight-
forward treatment taken in many references, for instance in
[9]. A more rigorous treatment is presented in [10].
IV. MINKOWSKI, UNRUH AND RINDLER MODES
We now briefly review the modes of importance for
the analysis we wish to develop. Consider now the two-
dimensional Minkowski spacetime (M,η) with the flat met-
ric (ηµν) = diag(−1, 1). Let a real massless Klein-Gordon
field φ be given. We wish to quantize the field according to
the ideas of the previous section. Minkowski spacetime, how-
ever, has a timelike Killing vector field, and hence has a class
of distinguished observers whose four-velocity is proportional
to the Killing field, namely the inertial observers. To quantize
the field in appropriate manner to this class of observers one
chooses modes which are positive frequency with respect to
4the inertial observers. A natural family of such modes are the
plane waves
uMk (t, x) =
1√
4piωk
e−iωt+ikx, ωk = |k|, k ∈ R, (17)
where the superscript M indicates these are Minkowski
modes. These modes define the usual Minkowski quantization
used in most flat-spacetime Quantum Field Theory textbooks
[12–15]. They are labelled by a real number k ∈ R and divide
in two classes: the left-moving solutions with k < 0 and the
right-moving solutions with k > 0. Employing these modes,
the field expands as
φ(t, x) =
∫
R
(
uMk (t, x)a(k) + u
M
k
∗
(t, x)a†(k)
)
dk, (18)
and it is evident that decomposing the integral on the regions
k < 0 and k > 0 we may write
φ(t, x) = φ−(t, x) + φ+(t, x), (19)
where φ− and φ+ are, respectively, the parts of the integral
with k < 0 and k > 0. This equation tells that in the quantum
theory the two sectors decouple and can be studied indepen-
dently [16].
Now let us consider one eternally uniformly accelerating
observer, also known as a Rindler observer, living in the right
Rindler wedge UI defined in the introduction. We can choose
coordinates (η, ξ) on UI adapted to the worldlines of such ob-
servers, given by
t =
1
a
eaξ sinh(aη), z =
1
a
eaξ cosh(aη). (20)
In terms of these coordinates the appropriate modes for the
right Rindler observer are the modes
u
(I)
k (η, ξ) =
1√
4piωk
e−iωη+ikξ, ωk = |k|, k ∈ R. (21)
where now the superscript I indicates these are Rindler modes
on the right Rindler wedge.
We wish to compare the two quantizations, but the
Minkowski observer also probes degrees of freedom in the
left Rindler wedge. Because of that, we also need to consider
Rindler modes for a Rindler observer supported in that region.
We similarly introduce in region UII coordinates (η, ξ), de-
noted by the same symbols as those in region UI , which relate
to the Minkowski coordinates by
t = −1
a
eaξ sinh(aη), z = −1
a
eaξ cosh(aη). (22)
Using these coordinates the appropriate mode functions for
the left Rindler observer are the modes
uIIk (η, ξ) =
1√
4piωk
eiωkη+ikξ, ωk = |k|, k ∈ R. (23)
The modes uIk and u
II
k are at first defined just on UI andUII , but if we set uIk to be zero on UII and uIIk to be zero
on UI , then the set of modes {u(I)k , u(I)k
∗
, u
(II)
k , u
(II)
k
∗} taken
together allow us to expand the general solution to the Klein-
Gordon equation as
φ(η, ξ) =
∑
Ω=I,II
∫
R
(
bΩ(k)uΩk (η, ξ)+b
Ω†(k)uΩk
∗
(η, ξ)
)
dk.
(24)
If we consider the space of solutions spanned by just the
positive-frequency modes {uIk, uIIk } then it is clear that its
Hilbert space completion is a direct sum HI ⊕ HII where HI
is the space spanned by just the {uIk} and HII is the space
spanned by just the {uIIk }. It follows immediately that, for
the Rindler quantization, the Fock space is a tensor product
F(HI ⊕ HII) = F(HI)⊗F(HII). (25)
In particular the Rindler vacuum |0〉R decomposes as a prod-
uct
|0〉R = |0〉I ⊗ |0〉II . (26)
We wish to compare the quantizations, which would entail
the computation of the Bogolyubov coefficients relating the
Rindler modes and Minkowski modes. There is, however, a
workaround, which will be further relevant for the informa-
tional analysis. The idea, due to Unruh [1], is to find a new set
of modes which reproduces the Minkowski quantization, but
which transform more simply in terms of the Rindler modes
[2]. The appropriate modes are the so-called Unruh modes,
defined by
hIk =
1√
2 sinh
(
piω
a
) (epiω/2auIk + e−piω/2auII−k) , (27a)
hIIk =
1√
2 sinh
(
piω
a
) (epiω/2auIIk + e−piω/2auI−k) . (27b)
These modes allows for an expansion of the general solution
to the Klein-Gordon equation, which in the quantum theory
gives rise to the annihilation and creation operators
φ(t, x) =
∑
Ω=I,II
∫ (
cΩk h
Ω
k (t, x) + c
Ω
k
†
hΩk
∗
(t, x)
)
dk. (28)
It is important to remark here that the quantization based
on the Unruh modes is equivalent to the Minkowski quantiza-
tion. Moreover, the Unruh modes are labelled by superscripts
I and II . They are not related to the Rindler wedges, but to
the left-moving and right-moving sectors of the Minkowski
quantization. When Unruh modes are employed, the right-
moving sector corresponds to the sector spanned by just the
{hIk, hIk
∗}, whereas the left-moving sector corresponds to the
sector spanned by just the {hIIk , hIIk
∗}. Since, as already men-
tioned, the left-moving and right-moving sectors decouple, we
henceforth focus just on the right-moving sector, which entails
in Minkowski quantization to consider just k > 0 and in Un-
ruh modes quantization to consider just the {hIk, hIk
∗}.
5The Unruh modes are defined explicitly in terms of Rindler
modes in Eqs. (27a) and so the Bogolyubov coefficients re-
lating hIk, h
I
k
∗ with the Rindler modes can be obtained by in-
spection [16], being simply:
α
(I)
kk′ = coshαωδ(k − k′), α(II)kk′ = 0, (29a)
β
(I)
kk′ = 0, β
(II)
kk′ = sinhαωδ(k − k′), (29b)
where one has introduced the squeezing parameter αω and
where ω = |k| as already explained. Since the Unruh quan-
tization agrees with the Minkowski one, they share the same
vacuum |0〉M and the Minkowski vacuum may be defined by
the equation
cIk|0〉M = cIIk |0〉M = 0, (30)
for k ∈ R. Using Eqs. (29) to express cIk, cIIk in terms of
bIk, b
I
k
†
, bIIk , b
II
k
†, one is able to solve Eq. (30) on the Rindler
basis and express the Minkowski vacuum in a basis meaning-
ful for the Rindler observers. When this is done one obtains
Eq. (1) [8]. To find out what a Rindler observer living in
the right Rindler wedge UI perceives one would trace out the
modes supported in region UII . If this is done one obtains the
density operator
ρI =
∏
ω
1
cosh2 αω
∞∑
nω=0
tanh2n αω|nω〉I〈nω|. (31)
Upon recalling the definition of the squeezing parameter, Eq.
(2), one is able to find out that this is, in fact, a thermal density
operator with temperature, in natural units, T = a2pi . This
result is the Unruh effect, stating that the Minkowski vacuum
is perceived as a thermal mixed state for Rindler observers
living in either the right or left Rindler wedges.
V. STATES IN THE RINDLER BASIS
Following previous works on the subject [2, 3], the first step
to perform the analysis is to expand the mode uj part of the
state in Eq. (3) into a basis appropriate for the Rindler ob-
servers. This can be done employing the transformation of the
Minkowski vacuum, Eq. (1), together with the transformation
of the creation and annihilation operators of Unruh modes to
creation and annihilation operators of Rindler modes, which
can be done with the general transformation, Eq. (16), to-
gether with the concrete Bogolyubov coefficients, Eq. (29).
This last step gives the one-particle Unruh state:
|1〉Uj =
1
cosh2 αj
∞∑
n=0
tanhn αj
√
n+ 1|n+ 1〉Ij |n〉IIj , (32)
where αj is the squeezing parameter associated to the fre-
quency ωj of mode uj . The fact that the transformation does
not change the frequency, but only the occupation numbers,
leading a monochromatic state to another monochromatic
state, is the reason to use Unruh modes for this analysis. With
this data, following the notation of [2], let ρAR, ρAR¯, ρRR¯ be
the bipartite states of the subsystems probed by Alice-Rob,
Alice-AntiRob and Rob-AntiRob. Employing the above trans-
formations, the states in the Rindler basis are seem to be
ρAR =
1
2 cosh2 αj
∞∑
n=0
tanh2n αj
[
|0n〉MIij 〈0n|+
(n+ 1)
cosh2 αj
|1n+ 1〉MIij 〈1n+ 1|
+
√
n+ 1
coshαj
(
|0n〉MIij 〈1n+ 1|+ |1n+ 1〉MIij 〈0n|
)]
, (33)
ρAR¯ =
1
2 cosh2 αj
∞∑
n=0
tanh2n αj
[
|0n〉M,IIij 〈0n|+
n+ 1
cosh2 αj
|1n〉M,IIij 〈1n|
+
√
n+ 1 tanhαj
coshαj
(
|0n+ 1〉M,IIij 〈1n|+ |1n〉M,IIij 〈0n+ 1|
)]
, (34)
ρRR¯ =
1
2 cosh2 αj
∞∑
n,m=0
tanhn+m αj
(
|nn〉I,IIj 〈mm|+
√
n+ 1
√
m+ 1
cosh2 αj
|n+ 1n〉I,IIj 〈m+ 1m|
)
. (35)
In that same way, one may further obtain the states of the
three subsystems probed individually by Alice, Rob and An-
tiRob. It gives
ρA =
1
2
(|0〉Mi 〈0|+ |1〉Mi 〈1|), (36)
ρR =
∞∑
n=0
tanh2(n−1) αj
2 cosh2 αj
(
tanh2 αj +
n
cosh2 αj
)
|n〉Ij 〈n|,
(37)
ρR¯ =
1
2 cosh2 αj
∞∑
n=0
tanh2n αj
(
1 +
n+ 1
cosh2 αj
)
|n〉IIj 〈n|.
(38)
6VI. MUTUAL INFORMATION
Let ρAB be a bipartite state and let ρA = TrB ρAB and
ρB = TrA ρAB be the marginal states of the two subsystems,
A and B, respectively. The mutual information is defined to
be
I(ρAB) = S(ρA) + S(ρB)− S(ρAB) (39)
where S(ρ) is the Von-Neumann entropy of the density op-
erator ρ. The mutual information quantifies the total correla-
tions between the two parts. If we have a tripartite pure state
ρABC = |ψ〉〈ψ| then we can extract three marginal bipartite
states from it, ρAB = TrC ρABC , ρAC = TrB ρABC , and
ρBC = TrA ρABC . In that case, the fact that ρABC is pure
implies the equalities
S(ρAB) = S(ρC), (40a)
S(ρAC) = S(ρB), (40b)
S(ρBC) = S(ρA), (40c)
and this implies that the evaluation of the mutual information
for such bipartite states reduces to the problem of evaluating
the Von-Neumman entropies S(ρA), S(ρB), S(ρC).
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FIG. 2. Von-Neumman entropies of the states ρA, ρR, ρR¯. The state
ρA is shown by the black (dotted) line, ρR by the blue (solid) line
and ρR¯ by the red (dashed) line.
For the concrete problem we considered, all the states
ρA, ρR, ρR¯ of the individual subsystems are diagonal in the
Rindler occupation number basis. This means that evaluating
the Von-Neumman entropies can be done straightforwardly.
The results are shown in Fig. (2). From these entropies
the mutual informations can be straightforwardly obtained as
well. The result is shown in Fig. (3). In Fig. (3) we see
that the higher the squeezing parameter the more the corre-
lations of the bipartition between the Minkowski and Rindler
observer on the right Rindler wedge decrease and the more
the correlations between the Minkowski and Rindler observer
on the left Rindler wedge increase. Moreover, this follows a
conservation law [2]. In fact, we have from Eqs. (39) and
(40a),
I(ρAR) + I(ρAR¯) = 2S(ρA), (41)
0.0 0.5 1.0 1.5 2.0 2.5
0
2
4
6
8
10
α = arctanh(exp(-π ω c/a))
M
ut
ua
lI
nf
or
m
at
io
n
FIG. 3. Mutual information - The state ρAR is the blue solid line,
ρAR¯ is the red dashed line and ρRR¯ is the black dotted line.
but it follows immediately from Eq. (36) that S(ρA) = 1 and
we find
I(ρAR) + I(ρAR¯) = 2, (42)
which works as a conservation law, which is obeyed as a cor-
relation transfer from the bipartition ρAR to the bipartition
ρAR¯. The meaning of this redistribution of correlation will
become clear as we discuss the distinction of classical and
quantum correlation in what follows.
VII. LOCALLY ACCESSIBLE AND INACCESSIBLE
INFORMATION
Let again ρAB be a bipartite state. The mutual informa-
tion quantifies the total amount of information contained in the
correlations between the two parts. One may ask how much
of such information is locally accessible to each part by local
measurements. This is quantified by the Locally Accessible
Information (LAI), also known as Classical Correlations. To
define it, suppose we wish to find how much information is
accessible locally to B by local measurements. In that case
the LAI is defined to be
J←(ρAB) = max
1⊗Π
[
S(ρA)−
∑
λ
pλS(ρ
λ
A)
]
, (43)
where the maximum is taken over all possible projective mea-
surements on the B subsystem. For each measurement Π the
probabilities are pλ and the post-selected states of the A sub-
system are ρλA (in other words, one takes the post-selected
state of the composite system and traces B out). In the no-
tation the arrow points away from the system being measured.
This quantity measures the maximum decrease in the uncer-
tainty of the state of A that a measurement in B might impart,
that being the reason why it is called Locally Accessible In-
formation. The reason for the name Classical Correlations lies
in the fact that J←(ρAB) satisfies properties that a quantifier
of exclusively classical correlations should satisfy.
7Associated to the LAI there is the Locally Inaccessible In-
formation (LII). The idea is that it should quantify the amount
of information contained in the correlations which cannot be
accessed locally through measurements. Since I(ρAB) quan-
tifies the total correlations, this can be defined straightfor-
wardly as
D←(ρAB) = I(ρAB)− J←(ρAB). (44)
This quantity is also known as the quantum discord and, inas-
much as J←(ρAB) quantifies the classical part of the corre-
lations, it quantifies the quantum part of the correlations. It
can be seem from the definitions Eqs. (43) and (44) that both
quantities can be very hard to be computed due to the opti-
mization they require. For a special case there is a simplifi-
cation, that being the central idea of the method employed in
[3]. The idea is that if a bipartite state ρAB has one part which
is effectively two-level, by which we mean it is written as
ρAB =
∑
a,b=0,1
Mab ⊗ |a〉〈b|, (45)
then one may focus on the measurements in B which lie in
the subspace spanned by the basis operators |a〉〈b| for a, b =
0, 1. In that case, the measurements are represented by 2 × 2
projectors and this enables to parameterize them by points on
a sphere. Concretely, every measurement of interest consists
of two projectors Π±(x) for x ∈ S2 given by
Π±(x) =
1
2
[1± x · σ] , x ∈ S2, (46)
where σ = (σ1, σ2, σ3) is a vector whose components are
three operators whose matrix representations are the Pauli ma-
trices. In that case, J←(ρAB) may be obtained by an opti-
mization over S2 and D←(ρAB) may be obtained from it.
Considering the concrete state we are working with, there
are two bipartitions to which the method applies, namely the
bipartitions between Alice-Rob and Alice-AntiRob. The sub-
system which is effectively two level is that of Alice, i.e., of
the inertial observer, and hence the method allows to compute
the LAI and LII for measurements made on the subsystem
probed by the inertial observer. In other words, we are able to
plot the LAI J→(ρAR) and J→(ρAR¯), and the LII D→(ρAR)
and D→(ρAR¯). We plot, in Fig. (4), all correlations - mu-
tual information, LAI and LII - for the Alice-Rob bipartition,
with measurements carried out by Alice as a function of the
squeezing parameter. Remark that the classical and quantum
correlation differ quantitatively, while showing a similar be-
havior. We plot the same, in Fig. (5), for the Alice-AntiRob
bipartition.
Finally, to discuss the results, it is very instructive to plot all
correlations measures (LAI, LII and mutual information) for
the two bipartitions together. Doing so, using different col-
ors for each bipartition we obtain the plot shown in Fig. (6).
There, the blue lines correspond to the bipartition between the
inertial observer and the right Rindler observer, with the clas-
sical correlations and quantum discord characterizing respec-
tively the locally accessible and locally inaccessible informa-
tion for the inertial observer. The red lines are the plots for
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FIG. 4. State ρAR - Classical Correlations is the solid blue line,
quantum discord is the black (dotted) line and mutual information is
the red (dashed) line.
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FIG. 5. State ρAR¯ - Classical Correlations is the solid blue line,
quantum discord is the black dotted line and mutual information is
the red dashed line.
the bipartition among the inertial observer and the left Rindler
observer and now the classical correlations and quantum dis-
cord characterize respectively the locally accessible and lo-
cally inaccessible information for the inertial observer. The
case of zero acceleration and hence zero squeezing parameter
is obviously the case in which we are considering just inertial
observers. Hence we clearly see in the plot that when there
is a non-zero acceleration, compared to the situation in which
there is not, a trade-off of the correlations occur.
VIII. ENTANGLEMENT OF FORMATION
Entanglement of formation is a measure of entanglement
for mixed states that satisfies the basic requirements one
would expect of an entanglement measure [17]. If ρAB is such
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FIG. 6. States ρAR and ρAR¯ compared - The state ρAR is depicted
by the blue lines and ρAR¯ by the red lines. Classical Correlations
are the solid lines, quantum discord are the dotted lines and mutual
information are dashed lines.
a state, one defines the entanglement of formation to be
EF (ρAB) = inf{(|ψi〉,pi)}
∑
i
piS
(
TrA(|ψi〉〈ψi|)
)
= inf
{(|ψi〉,pi)}
∑
i
piS
(
TrB(|ψi〉〈ψi|)
)
, (47)
where the infimum is taken over the set of all ensembles of
pure states that realize ρAB .
This measure has an operational interpretation that makes it
valuable for applications. Still, in the present case, it is worth
considering it because of its special connection to LAI and LII
[4–6].
This connection lies in the relation that if ρABC = |ψ〉〈ψ|
is a tripartite pure state, then the entanglement of formation of
the AB subsystem is connected to the LAI of the AC subsys-
tem by means of the equation
EF (ρAB) + J
←(ρAC) = S(ρA). (48)
By varying the subsystems one obtains other equations like
that [4]. This relation has been employed in [5] in order to ob-
tain an important monogamy relation between entanglement
of formation and quantum discord.
This relation has a very important impact on the interpre-
tation of what entanglement of formation is quantifying. By
rewriting the equation as
J←(ρAC) = S(ρA)− EF (ρAB), (49)
and recalling that J←(ρAC) is the information contained in
the correlations between A and C locally accessible to C by
measurements, and recalling that S(ρA) is the uncertainty in
the state of A, we see that when EF (ρAB) = 0, all the
information is locally accessible, and when EF (ρAB) > 0
the locally accessible information decreases. In that setting,
EF (ρAB) signals a correlation redistribution by which an ob-
server of C alone looses access to information contained in
the correlations of its state with that of the A subsystem. This
interpretation ofEF (ρAB) demands no ”entanglement as a re-
source” argument, and is available even if the subsystems A
andB are separated by a causal horizon and the corresponding
observers are forbidden classical communication.
Eq. (48) immediately implies that if C is effectively two-
level, in the sense of Eq. (45), then the method of [3], which
we have outlined in the previous section, allows for the evalu-
ation of J←(ρAC), and hence of EF (ρAB).
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FIG. 7. State ρRR¯ - Entanglement of formation
For the concrete problem we are considering, the only ef-
fectively two-level state is that of the subsystem probed by
the inertial observer alone, which corresponds to the mode ui
of the field. This allowed us the evaluation of J→(ρAR) and
J→(ρAR¯). Both LAIs, on the other hand, lead to the same en-
tanglement of formation, because the entanglement of forma-
tion is symmetric, i.e. EF (ρRR¯) = EF (ρR¯R). The obtained
entanglement of formation is shown in Fig. (7) and we notice
that it matches the overall behavior of the negativity computed
in [2].
We must stress that considering that the state ρRR¯ is rela-
tively complex (c.f. Eq. (35)) it is remarkable that we are able
to compute the entanglement of formation, which is defined
by a very difficult optimization, by just optimizing over two
angles!
IX. DISCUSSION AND CONCLUSIONS
We revisited the analysis of correlations of a two-mode state
of a massless Klein-Gordon field which, for two inertial ob-
servers, Alice and Bob, is maximally entangled, when Bob is
replaced by the Rindler observers Rob and AntiRob on respec-
tively the right and left Rindler wedges. Our focus has been
on informational quantities: the locally accessible and locally
unaccessible informations, and the entanglement of formation
directly connected to the previous two.
We built upon the method of [3] and evaluated both LAI
and LII for both the Alice-Rob and Alice-AntiRob biparti-
tions and found a correlation redistribution associated to both
quantities. Moreover, the ideas of [4–6] allowed us to use
9these results to evaluate the entanglement of formation for the
Rob-AntiRob bipartition. Given its relation to LAI and LII
we are led to interpret it as a quantifier of the correlation re-
distribution. Our conclusion is that the causal horizon affect-
ing the Rindler observers impart a correlation redistribution
on the system when compared to the situation on which it is
probed by two observer that neither perceive such causal hori-
zon. Furthermore, the correlation redistribution imparted by
the causal horizon seems to be quantified by the entanglement
across the horizon. In that sense, even though such entan-
glement cannot be employed as a resource for any quantum
computation task because the Rob-AntiRob bipartition is de-
prived of classical communication, the Entanglement of For-
mation is an important measure for quantification of the infor-
mation content in accelerated frames in a consistent way. In
fact, this approach seems highly significant for the investiga-
tion of Hawking radiation in Black Hole evaporation and the
distribution of information content - a problem which is to be
discussed elsewhere.
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